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Summary 

A general theoretical approach to the analysis of  electric fluctuations gener- 
ated by  the so-called single-file diffusion through narrow channels is presented. 
The formalism is a slight extension of  an approach to electric fluctuations in 
discrete transport  systems with negligible interactions between the particles 
recently developed by one of  the authors. In the single-file transport  mecha- 
nism interactions between the particles must  be taken into account. Three main 
results of  principal interest are: (a) the electric fluctuations around stationary 
states (at equilibrium and non-equilibrium) are determined by the time<lepen- 
dent  solutions of  the macroscopic single-file transport  equations, (b) as a direct 
consequence of  the interactions between the ions in the single-file transport the 
macroscopic t ime-dependent  current and the autocorrelation function of  the 
microscopic current fluctuations can exhibit  damped oscillatory behavior, and 
the current noise spectrum can show peaking, (c) the number  of  binding sites 
for the ions within the pores seems to have a strong influence on the oscillatory 
behavior: with increasing number  of  binding sites the damping of  the oscilla- 
tions decreases and the peaking of  the spectrum becomes stronger. 

(1) Int roduct ion 

More than 20 years ago the so-called single-file mechanism for ion transport  
through narrow channels in biological membrane has been proposed by 
Hodgkin and Keynes [1] to explain non-linear stationary current voltage 
characteristics of  the potassium channel. Since that  time a number  of theoreti- 
cal investigations of  stationary single-file transport  have been published (e.g. 
refs. 2--6). The essential proper ty  of  single-file diffusion is that  the movement  
of  the ions is constrained to one dimension and the ions cannot overtake each 
other. The usual way of  describing mathematically the single-file movement  is 
to regard the ion channel (pore) as a sequence of  binding sites separated by 
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energy barriers over which the ions have to jump (jump diffusion). 
In this paper we have developed the first general theoretical approach to the 

t reatment  of  the electrical fluctuations related to the single-file transport  
mechanism. We recently have presented a general theory  of  transport  noise in 
discrete transport  systems under the assumption of  negligible interactions 
between the transported particles [7].  The single-file mechanism includes inter- 
actions between the ions in so far as each binding site can be occupied by only 
one particle and the rate constants for jumps of  ions over the energy barriers 
can be dependent  on the occupation state of  the pore. We shall show that our 
approach to electric transport  noise can easily be extended to single-file trans- 
port. The essential assumption is that  interactions between different pores 
may be neglected. The calculation of  current noise spectra is based on the solu- 
tion of  the macroscopic t ime-dependent  single-file transport  equations. 

Apart from the presentation of  the general approach to single-file noise the 
aim of this paper is to investigate the principal consequences of  the single-file 
mechanism for the electrical t ransport  fluctuations. As long as the ionic move- 
ment  through the channels is so fast that  the characteristic transport  times 
affect the spectral densi ty of electrical fluctuations at rather high frequencies, 
it seems difficult to measure these effects with presently available experimental 
methods.  

We shall explicitly discuss the simplest case of  pores with two binding sites 
and one ion species. One result of  principal interest is, that at non-equilibrium 
as a consequence of  the interaction between the ions the eigenvalues of  the 
matrix of  coefficients of  the kinetic transport  equations can be complex 
numbers.  Hence the macroscopic t ime-dependent transport  and the autocorre- 
lation function can show a damped oscillatory behaviour and the current noise 
spectrum may have peaks. In the case of  negligible interactions between the 
ions the eigenvalues are always real (and negative), i.e. there are no oscillatory 
transport  phenomena.  The occurrence of damped oscillations in reaction 
schemes containing closed loops and violating the Wegscheider conditions (non- 
equilibrium) is well known (see e.g. refs. 8--10). Recently Chen [11] has 
pointed out  that  as a consequence the spectra of  the steady-state fluctuations 
in concentrations can show peaking. 

The general formalism is developed in the sections 2 and 3. In section 4 the 
application to the special case of  pores with two binding sites is given. For com- 
parison one example of  pores with three binding sites is calculated. The results 
of  the numerical calculations show that in general the dependence of  the 
spectral density on different parameters such as the potential profile within the 
channel or the dielectric properties seems to be rather complicated. We have 
tried to work out  some typical dependences due to variation of the magnitude 
of  electrostatic interactions between the ions, of  an applied voltage and of  the 
number  of  binding sites. All numerical calculations are restricted to the fre- 
quency domain (spectral density). The general formula for the corresponding 
autocorrelat ion function of  current fluctuations in the time domain is given in 
Eqn. 3.5. 

In order to investigate the typical single-file effects we have restricted our 
calculations to open channels. The theoretical t reatment  of  channels with more 
than one conductance state, i.e. open-close kinetics, makes necessary only 
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slight extensions of the approach in this paper and will be presented elsewhere. 
We finally emphasize that  in the present paper we have developed a theory 

of  single-file fluctuations around equilibrium and non-equilibrium steady states. 
According to the Nyquist relation in equilibrium states the microscopic fluctua- 
tions are related to the small signal impedance. In ref. 7 we have shown that  a 
similar relation is valid for transport noise in open pores also at non-equilibrium 
states in the case of  vanishing interactions between the ions. We believe that  
with the approach to transport fluctuations developed in ref. 7 and the present 
paper the validity of a corresponding relation at non-equilibrium can be inves- 
tigated more generally. This will be subject to future work. 

(2) The single-file transport model 

(a) General  equa t ions  
Before deriving a general theoretical approach to single-file noise we give a 

description of  the model of single-file transport through membranes which shall 
be used. The transport system consists of a membrane separating two ionic 
solutions and containing a number Np of identical narrow channels (pores). The 
concentrations of the ionic species in both solutions are assumed to be held con- 
stant. The basic assumptions underlying the single-file movement  of the ions 
through the pores are: 

(1) There are no interactions between different pores, i.e. the state of one 
pore does not  influence the movement  of ions within the other pores. 

(2) The individual pore contains a certain number of binding sites for the 
ions, i.e. the ions must pass across a sequence of energy barriers to cross the 
membrane. 

(3) The ions are not  permitted to pass each other within the pores. 
We do not  want to go into the details of single-file transport theory which 

has been developed in a number of papers by Heckmann et al. [2--5]. We 
briefly describe the main structure of the transport equations which determine 
the t ime-dependent single-file transport: The individual channel or pore can be 
found in a certain number of different states depending on whether the binding 
sites are occupied by an ion of a certain species or not. If the pore contains n 
binding sites and may take up p different ion species this number of states is 

N = (1 +p)"  (2.1) 

These N different states can be numbered by i = 1, 2, ..., N. If the transport 
system contains many identical pores the (macroscopic) time dependence of 
the occupation numbers n, of  state i, i.e. number of pores in state i, is given by 
the following homogeneous set of linear first-order differential equations: 

N 

dN, _ ~ M , k N  h (2.2) 
dt k=l 

The matrix elements M,k of  M contain the transition rates (rate constants) k~.,k 
for transitions from state k to state i in the following way: 

M,k :=k, ,~  f o r ~ ¢ k  (2.3) 

N 

M, := - - ~  kk, , 
k - 1  
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We emphasize that  the Eqns. 2.2 are linear because according to the first basic 
assumption interactions between different pores are neglected. On the other 
hand interactions between the ions can be included in Eqn. 2.2 through the 
special choice of  the transition rate constants k,.k. The structure of the matrix 
M in Eqn. 2.2 is determined by certain rules for the movement  of  ions, e.g. 
only jumps of ions between adjacent binding sites are possible, and at one 
instant only one jump can occur. 

The number of  independent  equations in Eqn. 2.2 can be drastically reduced 
if interactions between the particles are neglected, because at any time only a 
small fraction of  pores is occupied by one or more ions [8]. In this case and for 
one ionic species Eqn. 2.2 can be replaced by an inhomogeneous system of n 
equations [8]:  

Microscopically the occupation numbers statistically fluctuate around mean 
values usually called the (ensemble averaged) expectation values of N, denoted 
by <N, ). Because he deterministic Eqns. 2.2 are linear, they hold also for the 
expectation values of  occupation numbers [14]. Hence: 

N 

d<N'>N(°) - ~ Mik (Nk>N(0) (2.2a) 
dt k=l 

or in matrix notat ion with <N) as the transpose of <N> 

d 
d~ <N>~ N(0)~ = M<N>~ ~ N(0)~ (2.2b) 

The index N(0) denotes the initial state at time zero. 
The total number of  pores Np is assumed to be constant. This yields the con- 

servation relation 

N 

~ N ,  = Np (2.4) 
t = l  

Hence the N equations (Eqns. 2.2) are not  independent.  This admits the exis- 
tence of  at least one non-trivial t ime-independent steady-state solution N s of 
the linear equations: 

N 

M,kN~ = 0 (2.5) 
k=l 

In the following we assume the existence of  exactly one steady-state solution 
~N ~ of  Eqn. 2.2, describing the final state ti~n N(t) of Eqn. 2.2 for arbitrary 
initial states N(0). The deviations from the steady state are 

a, : = N, -- Np (2.6) 

(~> satisfies as well the Eqns. 2.2 

d 
- -  <a>N(0) = M<&> ( 2 . 7 )  dt - ~ ~ _ N(0) 
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but now with the conservation relation 

N 

~ a ~ = O  (2.7a) 

(b ) The fundamental  solutions 
As in ref. 7 the t reatment  of  fluctuations will be based upon the fundamental  

solution matrix ~ ( t )  for (~) of  Eqn. 2.7: The elements ~2ik(t) of ~ are defined 
as solutions 

~2,k (t) : = (a, (t)) (2.8) 
f o r  J = k ) 

÷ N::  {o otherwl o" 

i.e. ~2~k(t ) is the expectation value of the deviation a~(t) from the steady state 
for one pore, which at t = 0 is in the state h. The general solution of Eqn. 2.7 
and hence also of  Eqn. 2.2 is given by the fundamental  matrix through 

(~(t))~(o) = ~ ( t ) .  (~(0) + ~s )  (2.9) 

We emphasize that  often in the standard literature (e.g. ref. 12) the fundamental  
matrix includes the stationary solution N s, which is omitted in our definition of 

(c) Fluxes and electric current 
At this point,  before we discuss the fluxes and the electric current generated 

by the transport system, we should make a remark concerning the reaction 
scheme represented by Eqn. 2.2: As pointed out, each pore can be found in N 
different occupation states, which in the Eqns. 2.2 are distinguished. One state 
is the empty pore. The conservation relation Eqn. 2.4 is a consequence of  the 
fact that  at any time each pore is in exactly one of these states. Reaction 
schemes described by homogeneous equations and satisfying conservation rela- 
tions are often called closed systems. But we emphasize that  the single-file 
transport system itself, described by such a closed reaction scheme, is open in 
the sense that  ions may enter and leave the pores. As will be made clear below 
at the special example of  pores with two binding sites the reaction scheme may 
contain closed loops. 

In ref. 7 we have considered transport systems, where the occupation 
numbers were assumed to be the numbers of  particles at the binding sites. The 
fluxes were built up by jumps of  particles from one binding site to another one. 
On the other hand in this paper in Eqn. 2.2 the occupation number Ni is the 
number of pores in state i. Nevertheless also in the single-file model a transition 
of  a pore from state k to state i is connected with a jump of  a particle from a 
binding site to an adjacent one. These jumps build up the individual fluxes, 
consisting of a sum of  5-functions. This connection of a transition k -~ i with an 
individual unidirectional flux of  a particle makes possible an analogous treat- 
ment  of  fluctuations in fluxes. 

Formally as in ref. 7 we introduce a ' f lux '  matrix ¢ with the elements O,k 
denoting the ' f lux '  (number of  transitions (k -* i) from state k to state i). ¢,, is 
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set equal  to  zero. Microsopical ly  ¢ik consists  o f  a sum of  ident ical  5-pulses, 
each pulse genera ted  by  a t rans i t ion  k -+ i o f  one  special pore.  Because interac-  
t ions  be twe e n  d i f f e ren t  pores  are neglec ted  the  p robab i l i t y  per  un i t  t ime o f  a 
t rans i t ion  k -+ i is p ropo r t i ona l  to  the  n u m b e r  Nk o f  pores  in s ta te  k and the  
j um p  ra te  M,k. Hence  the  ensemble  averaged ex p ec t a t i o n  values <¢~k > o f  ¢ik are 
given by  

<¢,k(t)> =M,k<Nk(t)> for z ¢ k (2.10) 

The stationary expectation values are indicated by <¢,~h> 

<¢s> : = M,k • ( lim <N k (t)>) (2 .11)  

Fo r  the  ca lcula t ion  o f  f luc tua t ions  in f luxes we need  the  ' f u n d a m e n t a l '  
e x p e c t e d  f luxes 

<~k(t)> : = M,~ ~2jk (t) (2.12) 

The <~0k> describe the deviation from the stationary flux <cbsk > for one single 
pore under the initial condition Eqn. 2.8 that the pore at t = 0 is in state k. 

As already pointed out, a transition k -~ i of one pore is connected with a 
jump of an ion from a binding site to an adjacent one and yields a contribu- 
tion to the electric current J in the outer circuit. Hence the observable quantity 
electric current J is given by a linear combination 

N 

J= ~ 7,k¢,k (2 .13)  
,,k=l 

Obviously  the  con t r ibu t ions  o f  t ransi t ions  i -* k and k -* i to  J d i f fer  on ly  in 
sign and ~' is an an t i symmet r i c  ma t r ix  

7,k = --Th, (2.14) 

(3) Autocorrelation function and spectral density of  the electric current 

Analogous ly  as in ref.  7 we can calculate  the  f luc tua t ions  o f  the  electr ic  
cu r r en t  a round  s teady  states by  a t r e a t m e n t  o f  the  corre la t ions  b e tw een  transi- 
t ions  individual  f luxes i -+ k and j ~ l at d i f fe ren t  t imes.  We in t roduce  a f o u r th  
o rde r  cor re la t ion  mat r ix  C(t) wi th  e lements  Cik,jz(t)representing the  ensemble  
averaged cor re la t ions  be tween  ~,~ at  one  t ime  and Cjz at the  same t ime  or later. 
Because we consider  f luc tua t ions  a round  s teady  states, the  cor re la t ions  can be 
re fe r red  to  t ime  zero.  In Cik,jz(t) on ly  the  con t r ibu t ions  o f  the  f luc tua t ing  par t  
o f  f luxes 'are  t aken  in to  account .  Hence  

c , k , ~ z ( t )  : = <(¢ ,4  ( 0 )  - <¢~k> ) ( ~ j , ( t )  - <¢~z>)> 

(3.1) 

fo r  i 4= k, j ¢ l and C,k,jz = 0 o therwise  
We derive a general express ion  for  C~k,jz(t) with  the  fo l lowing arguments .  

Non-zero  con t r i bu t ions  to  the  ensemble  average <¢~(0)  • ¢i l( t))  can on ly  occu r  
w hen  just  at  t = 0 a pore  makes  a t rans i t ion  k -~ i. This  means  tha t  we have to  
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take the ensemble average only over the subclass of realizations with the initial 
condition (see Eqn. 2.8) for one pore to be in state i. One pore is correlated 
only with itself, because the pores act independently of each other. The time- 
independent  part of  (¢~k(0) • ¢iz(t)) cancels the second part of  the right-hand 
side of Eqn. 3.1. Hence we can write for C~k,jz(t) 

C,k,jz(t) = <¢~k(0) " (5,k,jz • 5(t) + Mjz~z~(t))) (3.2) 

= <¢,k (0)> • (5,k,,t " 5(t) + Mjz~z,(t)) 

with 

= [1 for (i, k ) =  (], l) 
5,k (3.2a) ,jr [0 otherwise 

The first 5-like term in the bracket on the right-hand side of Eqn. 3.2 contains 
the correlation of  a transition k -~ i with itself at time zero. This term yields a 
shot noise contribution to the current noise spectrum Eqn. 3.7 below. The 
second term takes into account the ensemble averaged, i.e. expectation value of 
the contribution of  transitions (flux) l -~ j as consequence of the transition k -* i 
at time zero (see Eqns. 2.8 and 2.12). 
Because we consider fluctuations around steady states, (¢,k(0)) is given by 

(¢,k (0)) = (¢,~) = M,kN~ for i ¢ k (3.3) 

With Eqns. 3.3 and 3.2 the correlations are 

C,k,jl(t) = M,kN~" (5,k,it 5(t) + Mjt~21,(t)) (3.4) 

for i =/= k, j ¢ l and 

C,k,jl = 0  for ~=k  or j = l  

The autocorrelation function of the fluctuating part AJ of the electric 
current J is with Eqn. 2.13 given by a linear combination of the elements of  
C (compare Eqn. 3.5 in ref. 7): 

N 

(AJ(0) • AJ(t)):  = ~ %k%zC/k~t(t) 
x,k,l,l=l 

N 

= ~ 7ik%zM,kN~(SikZzS(t) +Mjl~"~li(t) (3.5) 
z,k,j,l=l 

The noise spectrum Gj of J is given by the Wiener-Khintchine relations: 

Gj(co) = 4 / (AJ(O)AJ(t)) cos cot dt  (3.6) 
0 

Hence with Eqn. 3.5 

N 

Gj(CO) = ~ ~/ik~YjiMikN~ X (25,k,jz + 4Mjz f ~ l i ( t )  COS cot dt) (3.7) 
~,k,j,l=l 0 
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(4) Pores with two binding sites, one ion species 

(a) Single-file equations, comparison with usual jump diffusion 
We apply the general theoretical approach to the most simple example of 

pores with two binding sites and one ion species. In this case an individual pore 
can be found in four different states: As shown in Fig. 1 the empty pore is 
characterized by 100 I, the pore with one ion at the first binding site by I10 I, 
etc. The transition 1001-+ I101 is determined by the rate constant ,0 k00, the 
number of  pores in state 1001 is N00 etc. Then the time dependence for the 
expectation values is given by the following homogeneous set of equations: 

d 
(ko0 + = koo)(Noo) + klo(Nlo) + kol(Nol) ~(Noo)  __ Io ol oo oo 

d 
~ (No1) = -  (kol°° + ko11° + kol)(Nol)ll + k oo (Noo)°1 4- k 10 (Nlo)°l _[_k 11 (N-i 1 ) 0 1  

(4.1) 
d 

(h,o + k,o + klo)(Nlo)  + koo(Noo) + kol(Nox) + k l l ( N l l }  dt (Nlo) = -  oo o~ ~ ~o lo 1o 

d 
- -  (~11 "4" k l  1)~/r l  1 ) + k01 ( N o l )  .4- k l o ( N l o  ) dt (Nil)= -- oJ lO 11 ll 

These four equations are not  independent.  If Np is the total number of  pores, 
they satisfy the conservation relation: 

N00 + Nlo + No1 + N i l  = Np = constant  (4.2) 

We number the four states in the following way (see Fig. 1) 

I101 * .1 ,  1011~.2, 1111~3 ,  1001.~-4 

Then we can write Eqn. 4.1 in the form 

4 
d 
d--} (AT,) = ~ M,k <Nk) for i = 1, 2, 3, 4 

k=l 

(4.3) 

( 4 )  

kOl 
~o ] - ~  ( 2 )  (1)  , _ , 

{ i lO  

lO  Ol  
11 

11 11 

( 3 )  

Fig. 1. State diagram for single-file diffusion in pores with two binding s i t e s  a n d  o n e  i o n  s p e c i e s .  
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k t 

k~ 

F 

F ig .  2 .  P o t e n t i a l  p r o f i l e  a n d  l u m p  r a t e s  f o r  j u m p  d i f f u s i o n  m p o r e s  w i t h  t w o  b i n d i n g  s i tes .  1 a n d  r d e n o t e  

t h e  r e s e r v o i r s  o f  c o n s t a n t  c o n c e n t r a t i o n s  o n  t h e  l e f t  a n d  r i g h t  p o r e  m o u t h s ,  r e s p e c t i v e l y .  

with 

M = 

- ( k  °° + k°~0 + k ,0 E i~) k0, k~ ° k~ ° 
ko~ - ( k  °° + k~ ° + k~i) k°i k% / 

J 
_ _  01 10 k ~  k~ (kll +k11) 0 

k? o k o0 o - ( k ~  o + k%) 

(4.4) 

The t ime dependence of  the occupation numbers Ni is determined by the eigen- 
values of  M. Because of  the conservation relation Eqn. 4.2, at least one eigen- 
value is zero, i.e. Eqn. 4.1 has a non-trivial stationary solution N~. For a bet ter  
understanding of  the meaning of  the rate constants appearing in Eqns. 4.1 and 
4.4 it is useful to consider the simple transport  model  for pores with two 
binding sites and negligible interactions between the ions (see Fig. 2). Obviously 
interactions may be neglected if at all t imes the number  of  empty  pores is great 
compared with the number  of  pores occupied by  one or two ions. In this case 
the phenomenological transport  equations for the expectat ion values of  the 
total numbers nl, n2 of  ions at the first and second binding site are 

d 
d~ ( n l )  = k l  • n~ - -  (k'l + k'~ ) ( n l  ) + k~ (n2)  

(4.5) 

d 
d--~ (n2) = k'l ( n l )  - -  (k'2 + k ~ ) ( n 2 )  + k~nr 

nz and nr are constant  concentrations (reservoir) at the left and right pore 
mouths ,  respectively. 

The rate constants k~, tel' (i = 1 ,2)  in Eqn. 4.5 are related to the rate constants 
in Eqn. 4.1 for those transitions between different states of  the pores which are 
no t  dependent  on ionic interactions. These transitions are between the states 
100 I, 101 I and 110 I. 
One finds easily 
k°~= k'~, k~ o = k~, 

ko °° = k~, k °° = k~' (4.6a) 
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and 

, 10 ,, (4.6b) k~o~p = kznz, k00Np = krnr.  

As already emphasized in section 2, the single-file Eqns. 4.1 determine the 
time dependence of  the occupation numbers of  the four possible states of  the 
pores, while Eqns. 4.5 are transport  equations describing the time dependence 
of  the numbers of  binding sites 1 or 2 which, summed over all pores, are 
occupied by an ion. 

Clearly, one gets approximately the jump diffusion Eqns. 4.5 from Eqn. 4.1 
in the limit 

k~O < <  oo ol oo klo, k o o < < k o l ,  
k ] ~ < <  ,o ,1 0, (4.7a) kll,  k01 < <  kl l ,  

and with Eqn. 4.6. If Eqn. 4.7a is valid, the number  of pores occupied by one 
or two ions is small compared with the number  No0 of empty  pores and the 
number  N11 of  pores occupied by two ions is small compared with the number  
N10 or N01 of  pores occupied by  only one ion. Hence 

N10 ~ n l ,  N 0 1 ~ n 2 ,  Nil  ~ 0 .  (4.7b) 

Another  important  limiting case contained in Eqn. 4.1 is the case where the 
state I l l l  is forbidden. It has been proposed [12] that  possibly in some cases 
for electrostatic reasons a single pore can be occupied by only one ion. Clearly, 
in this case N~0 is equal to the number  of  ions at binding site 1 and N0~ at 
binding site 2: 

N10 = nl, No1 ~- n2. (4.7) 

In this case one can get from Eqn. 4.1 two transport  equations for n~ and n2 by 
setting Nll  = 0 and replacing N00 by (Np -- nl -- n2) 

d ( ( n , ) + ( n 2 ) ]  ,, 
~-/ ( h i )  = ]el 1 N--p ] nt - -  (k] + k';)(n~) + k2 (n2) 

d ( (n~) + (n2)) ,, (4.8) 
d-~(n2)=kr 1 Np nr--(k'2 +k2)(n2)+k'l(nl) 

in agreement with ref. 12. 
In the following model  calculations of  spectra for special examples we shall 

include both  limiting cases. 

(b ) Numerical calculations of spectra 
We have performed a number  of  explicit calculations of  current noise 

spectral densities generated by single-file ion transport  in pores with two 
binding sites. According to the general formula Eqns. 3.5--3.7 the fluctuations 
are calculated with the use of  the fundamental  solution matrix ~ .  The explicit 
way of  calculation of  ~ and of  spectral density Gj is described in the appendix 
for .both cases of  real or real and complex eigenvalues of  M. The dependence of  
the spectral density on different  parameters as the transition probabilities or 
the constants %k determining the contr ibutions of  the individual transitions to 
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the measured current seems to be rather complicated. We have tried to work 
out  some typical dependences and properties. In order to investigate possible 
effects of the number of  binding sites especially on the oscillatory behavior we 
have done one calculation for a simple case of pores with three binding sites. 

(1) Equilibrium. Calculations of spectra of current noise at equilibrium (J = 
0), are presented in Fig. 3: Cases a and c simulate the two limiting cases of very 
strong electrostatic interactions between the ions and negligible interactions 
given by Eqns. 4.8 and 4.5, respectively. In the latter example where the 
probabilities for entrance of ions into the pores are small (see Eqn. 4.6), we 
have taken into account this fact by multiplying Gj with a factor 100, assuming 
that  the number of pores in this case is a hundred times greater as in the other 
cases. Hence the results for Gj in Fig. 3, though in arbitrary units, are nor- 
malized to the condition that  the average number of ions within all pores is 
approximately equal. The shape of the three spectra shows no essential differ- 
ences. 

The state diagrams in cases a and b show closed loops. In case a, where the 
state { l l l  may be neglected, the number of closed loops is one and in case b 
three. At equilibrium the rate constants for closed loops satisfy the so-called 
Wegscheider conditions (see e.g. refs. 8--10) which are equivalent to the 
principle of microscopic reversibility [8]. In this case it can generally be shown 
that  all eigenvalues of M according to Eqn. 4.2 are real and non-positive. For 
the case c of  negligible interactions between the ions it can generally be shown 
(e.g. ref. 7) for arbitrary numbers of binding sites within the pores and at 
equilibrium as well as at non-equilibrium, that  all eigenvalues are real. Hence at 

o) 

log l o ( G j ( ~ ) )  

1C b) 

to ......- c) 

o o  o 

\',,~ 1 / /  
-2 -1' C) i 2 ° °1 ~ l '~ 'q / / / °  °1 
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Fig .  3. S p e c t r a  Gj o f  c u r r e n t  no i se  a t  e q u i l i b r i u m  (J  = 0)  fo r  d l f f e r e n t  t r a n s p o r t  m o d e l s  (a rb l t raxy u m t s ) .  

The  s ta te  d i a g r a m s  i l lus t ra te  the  d i f f e r e n t  m o d e l  s i tua t ions  be ing  ca l cu l a t ed  ( c o m p a r e  Fig .  1) .  (a)  One  ion  
case: the  probabi l i ty  tha t  a p o r e  c o n t a i n s  m o r e  than o n e  ion ,  i .e.  to  be in  s t a t e  [11 [. Is very  smal l ,  because  
k ~ l  a n d  k ~  axe small .  (b)  Gene ra l  single-fl le m o d e l  w i t h  equa l  t r a n s l t i on  probabi l i t ies  b e t w e e n  all f o u r  
s tates .  (c)  Usua l  j u m p  d i f f u s i o n  case  (Eqn .  4 .5 ) :  t he  p r o b a b i l i t y  o f  pores  be ing  e m p t y  ( s ta te  100 [) is g rea t  
comp&red w i t h  the  probabi l i ty  o f  pores  be ing  o c c u p i e d .  The  co ntr ibut io ns  o f  the  i nd iv idua l  t r ans i t l ons  to  
the  m e a s u r e d  c u r r e n t ,  w h i c h  are  d e t e r m i n e d  by  the  c on s ta n t s  71~ (see Eqn.  2 .13) ,  are se t  equa l  "Y4 1 = 

")'12 = ' ) ' 24  = 7 2 3  = 7 3 1  = ~'Y14 = "--'Y21 = -'-'Y42 = "--3'32 = ~ 'Y13.  



337 

equilibrium the single-file transport  is non-oscillatory and the spectra show no 
peaks. 

(2) Non-equilibrium. Away from equilibrium in cases a and b the eigenvalues 
of  M may be complex (see e.g. refs. 8--10), because the Wegscheider conditions 
are no longer satisfied and the state diagrams represent driven cycling steady 
states. This means that the single-file transport  may possibly exhibit  damped 
oscillatory behavior (compare ref. 12). As consequence the resulting spectra 
may show peaks. Probably the weakest damping of  oscillations occurs in those 
cases where transitions in only one direction are possible [8--10,12].  In this 
case the effect  of  oscillatory transport  is expected to have the greatest 
influence on the spectra. This may be seen from the structure of  Gj in 
Eqn. A.8b which is similar to resonance curves of  the forced oscillations of  a 
damped harmonic oscillator. The minimum damping can be achieved by 
applying high voltage, forcing the ions to jump in only one direction. 

Some typical features of  non-equilibrium single-file noise are demonstrated 
by the numerical results in Fig. 4. In case b the spectrum shows a peak as 
consequence of  the oscillatory behavior of  solutions of  Eqn. 4.1. In case a the 
spectrum is white, though two eigenvalues of  M are complex and hence the 
fundamental  solution matrix @ has an oscillatory time dependence.  Neverthe- 
less the oscillatory terms in Gj cancel each other because of  the special choice 
of  the constants 7,k. Generally, in addition to the structure of  the solution of  
the single-file transport  equations, the behavior of  electric current and spec- 
t rum are strongly dependent  on the 7,k and hence, e.g. on the dielectric and 

loglo ( G J ( c O ) ) ~  
0 7 i \_ _6[ \c __._ 

~I ~ b ~..J- 

0,,1.1 

0 3c~ 

rr~ ~.-..!-..gn 

~-.-l-_gn 

-2 -1 6 i 2 [00 lO(CO) 

Fig. 4. Spec t ra  Gj o f  current  no ise  for d i f f e r e n t  transport  m o d e l s  a t  n o n - e q u l l i b r m m  (J  ~: 0).  The  s tate  
d iagrams  i l lus t ra te  the  d i f f e r e n t  ca l cu l a t ed  m o d e l  s i tuat ions ,  w h i c h  correspond  to  Fig. 3. The  app l i ed  
vol tage  is a s s u m e d  to  be  high,  so that  j u m p s  of  ions  t a k e  p lace  o n l y  m one  d i r ec t ion .  
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Fig. 5. T he  e f fec t  of  an  a p p h e d  vol tage  on  the  s p e c t r u m  Gj of  cu r r en t  noise  gene ra t ed  by  a single-file 
t r a n s p o r t  m o d e l .  T he  change  of  l u m p  c ons t a n t s  u n d e r  the  in f luence  of  d i f f e r en t  appl ied  vol tages  ,s t a k e n  
i n t o  a c c o u n t  b y  d i f f e r en t  values of  u (see Eqn.  4 .9) .  

geometric properties of the transport system. In case c of negligible interac- 
tions the spectrum exhibits a Lorentz-type behavior. 

(3) The e f fec t  o f  an applied voltage. A typical effect of an applied voltage on 
the spectra of single-file noise is demonstrated in Fig. 5. At equilibrium (case a) 
the low frequency limit of Gj is lower than the high frequency limit. This 
inverse Lorentz spectrum behavior seems to be typical of equilibrium transport 
noise and has recently been observed by Kolb and L~iuger [16,17]. It may 
possibly be explained by the influence of long-time correlations. 

The state diagram in Fig. 5 shows a special choice of rate constants at 
equilibrium (case a). With the onset [18] for the rate constants 

k l k  = -~,k eTik u (4.9) 

(k,k, equilibrium value of rate constant for transitions k -~ i; u = Veo/kT; V, 
applied voltage; e0, elementary charge; k, Boltzmann's constant; T, absolute 
temperature) an increasing applied voltage can be taken into account by 
increasing u. The absolute values of all 3'ik are assumed to be equal (=1/3). For 
transitions connected with jump of ions to the right (left) ~/lk is chosen positive 
(negative). As shown by Fig. 5 with increasing applied voltage the low fre- 
quency limit increases. In cases b and c the spectra show (weak) minima. 

Fig. 6. S ta te  d i ag ram for  single-file t r a n s p o r t  in pores  w i th  th ree  b ind ing  sites u n d e r  t h e  res tr i c t ion  t ha t  
the  single pore  con ta ins  n o t  m o r e  t han  one  1on. 
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Fig. 7. Peaking of  c u r r e n t  noise spec t r a  due  to  osc i l la tory  behav io r  of  single-file d i f fus ion  a t  h igh  applied 
vol tage  in pores  wi th  t w o  (case a) a nd  th ree  (case b)  b ind ing  sites. Th e  single-file m o d e l  is res t r i c ted  to the  
case w he re  the  single pore  con ta ins  no  m o r e  t han  one  ion,  Acco rd ing  to  t h e  s ta te  d i ag rams  the  s t e a d y  
states  are  dr iven  cyc l ing  s t eady  s ta tes  v io la t ing  the  Wegscheider  condi t ions .  The  chosen  values  of  ")'ik are 
set  in b racke t s .  

(4) The effect of  the number of  binding sites on the damping of  the oscilla- 
tions. Even in the theoretically most  favorable case the damping of  the oscilla- 
tions is very strong in pores with two binding sites. This means that  peaks in the 
spectrum are very weak. For  several reasons one expects the damping to 
become weaker in pores with more binding sites resulting in stronger peaks in 
Gj. We have calculated the current noise spectrum for the simple example of  
pores with three binding sites in the one-ion case and compared it with the 
corresponding results for pores with two binding sites. 

Fig. 6 shows the state diagram for the case where the pores cannot be 
occupied by more than one ion. The transport  equations in this case are easily 
derived analogously as Eqn. 4.8 and the spectral density is calculated similarly 
as described in Appendix.  Indeed in the case calculated and shown in Fig. 7 the 
damping of  the oscillatory term is weaker, about  by  a factor 10, than for the 
corresponding pore with two binding sites where the two transitions ]1001-* 
]010 I-* 1001 I with jump constants = 1/2 are replaced by one jump I10 I-~ 101 I 
with jump constant  = 1. As consequence the peak in Gj becomes stronger. This 
result indicates that  the number  of  binding sites within the pores strongly 
influences the oscillatory single-file transport  phenomena. 

Appendix 

In this appendix we describe the derivation of  the fundamental  solution 
matrix ~ of  Eqns. 4.1 and give an explicit formula for the spectral density of  
the electric current. For  simplicity, we assume that the coefficient matrix M 
according to Eqn. 4.2 has distinct eigenvalues (both real or complex).  Under 
this assumption M is diagonalizable with the eigenvalues Xk as diagonal 
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elements. Moreover we have four linearly independent eigenvectors v~, which 
satisfy the relation 

Mvk =kkv~ for k = 1 , 2 , 3 , 4 .  (A1) 

In general the eigenvalues kk may be complex numbers. Therefore they can be 
written as kk = ~'k + i - 0 k .  The related eigenvectors v~ are complex column 
matrices, i.e. they can be written as v~ = r~ + i ~k with r~, ~k as real column 
matrices. With the kk and v~ also the complex conjugates k and v~ are eigen- 
values and eigenvectors of M, respectively. 

The functions 

X~(t) :=v~ e ~kt for k = 1 , 2 , 3 , 4 ,  (A2) 

are solutions of  Eqn. 4.1 and may be complex. To get real solutions we take 
any complex solution X~, 1 ~< l ~< 4, and write it in the form 

Xl = (rz • cos Ott  - -  w t  • sin Ozt)  e ~zt + z{rz • sin Ott  + wl  • cos Ozt)  e ~lt 

Since ks and k~ are distinct, the eigenvectors vt and 0~ are linearly independent,  
and consequently the vectors r z and wt too. That means, the real and the 
imaginary part of Xz form two linearly independent real solutions of Eqn. 2.2 
and we do not  need X k  = vz e ~zt to get four linearly independent solutions. 

In order to form the fundamental  matrix of  the differential Eqn. 4.1 we 
distinguish between two cases: (a) all eigenvalues of  M are real and (b) there are 
also complex eigenvalues. In case (a) let W(t) be the four-dimensional matrix 

W ( t )  : = (rj  e x ' t ,  r 2 e x2t, r~ e xat, r4), (A3a) 

and in case (b) we set 

W ( t )  : = (r j  e ~ t ,  (r~ • cos 0 2 t  -- w2 • sin 0 2 t )  e r2t ,  ( r j  • sin 0 2 t  + w2 • cos 0 2 t )  e ~2t, r4) 

(A3b) 

Therein, ~1 denotes a real eigenvalue, k2 and ~3 are both real, complex (with 
k2 = ~3), respectively. The eigenvector r4 belongs to the eigenvalue k4 = 0. Since 
all eigenvectors are linearly independent the inverse mat r ix / - /wi th  the elements 
h,~ of  W(0) exists, and we are able to define 

~ ( t ) :  = W(t) • H (A4) 

The functions ~2z, are defined for all real t. In the limit t -+ ~ one gets 

~'-~Z~(°c) : = r14h4~ ( A 5 )  

because apart from ~4 = 0 all eigenvalues of  M are real negative or have a 
negative real part [13]. We call the matrix 

~ ( t )  : = ~ ( t )  -- ~(~o) (A6) 

a fundamental  solution matrix of  the differential Eqn. 4.1. This definition is 
consistent with Eqn. 2.9. 
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Finally we obtain the spectral density of the electric current by carrying out 
the integration in formula 3.7: 

4 

V j  (CO) 2 "  ~ 2 s = % k M~ h N k  
z,k=l 

4 

+ 4 • ~ 7,k%~M, kM~N~ • lh (A7) 
~,k,1,I=1 

For which in case (a) 

3 

ih : = _  ~ Xn 
n = l  X 2 + (,0 2 " rlnhm 

and in case (b) 

Xl 
I z i : -  X~+co 2 rah l l  + {(--wl2h2~ + r z 2 h s ~ ) ' 0 2 " ( ~  +02:--co:)  

(A8a) 

- -  (wt2h3,  + rl2h2i)  • ~: • ( ~  + O] + co 2 ) } / R  

with 

(A8b) 

R : = (co 2 - - IX212)2  + 4~.~co2 
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